COPY   NO. 


25  Waverl^  PUe;,  New  York  3,  Njj^J 

NEW    YORK    UNIVERSITY 
INSTITUTE    OF 
MATHEMATICAL    SCIENCES 


NOVEMBER    1955 
IMM-NYU    229 


Remarks  on  Strongly  Elliptic  Partial 
Differential  Equations 


BY  LOUIS  NIRENBERG 


PREPARED    UNDER 

CONTRACT    DA-30-069-ORD-835 

WITH    THE 

OFFICE    OF    ORDNANCE    RESEARCH 

UNITED    STATES    ARMY 


\ 


IMM-IIYU  229 
November  195^ 


REMARKS   ON  STRONGLY  ELLIPTIC  PARTIAL 
DIFFERENTIAL  EQUATIONS 

by 

Louis  Nlrenberg 


This  report  represents  results  obtained  at  the  Institute 
of  Mathematical  Sciences,  New  York  University,  under  the 
sponsorship  of  the  Office  of  Ordnance  Research,  United 
States  Army,  Contract  N6ori-2oi,  T.O,  1. 


REMARKS    ON   STROIIGLY  ELLIPTIC   PARTIAL 
DIPFERENTIAL  EQUATIONS 

by  Louis  Nirenberg 

1.   Introduction 

In  recent  years  the  interest  in  extending  the  theory  of 
boundary  value  problems  of  second  order  elliptic  equations  to 
equations  of  higher  order  and  to  systems  has  grovm  considerably. 
The  Dirichlet  problem  for  such  equations  has  been  investigated 
by  M.  I.  Vishik  [26],  p.  E.  Browder  [1]  and  L.  Gar ding  [11], 
see  also  K.  0.  Priedrichs  [10]  and  C.  B.  Morrey  [20].   The 
methods  used  for  a  single  equation  extend  to  the  Dirichlet 
problem  for  an  elliptic  system  in  H  functions  u, ,...,i\  which 
is  of  the  same  order  in  all  functions,  and  vjhlch  is  strongly 
elliptic  in  the  sense  defined  by  Vishik  [26].   Other  boundary 
value  problems  have  been  considered  by  Browder  [2]  and  Jacques- 
Louis  Lions  [19]  . 

The  successful  treatment  of  the  general  equation  has  been 
based  on  some  form  of  the  projection  theorem  in  Hllbert  space, 
as  employed  for  example  by  H.  V/eyl  in  [2?].   The  method  is,  of 
couT'se,  related  to  the  classical  variational  method,  the 
Dirichlet  principle,  which  has  been  of  extensive  use  in  treating 
elliptic  equations,  see  for  instance  Courant-Hilbert  [5]«   The 
applicability  of  the  method  is  based  on  a  single  inequality 
expressing  the  positive  definiteness  of  the  Dirichlet  integral 
associated  v/ith  the  differential  operator.  This  inequality 
furnishes  boiinds  on  the  square  integrals  of  derivatives  of 
solutions.   For  general  equations  with  variable  coefficients 
this  inequality  is  due  to  L.  Garding  [11],  and  extends 
immediately  to  Vishik' s  strongly  elliptic  systems.   For  second 
order  systems  with  constant  coefficients  the  inequality  was 
derived  earlier  by  L.  Van  Hove  [25]. 

For  the  elliptic  equation 

Lu  =  f 


>  I 


in  a  domain  Jj  ,    (for  ^^hich  Garding's  inequality  has  been 
established),  the  projection  method  leads  easily  to  the 
construction  of  a  function  u  having  derivatives  in  some 
generalized  sense,  and  which  is  a  ^^reak  solution  of  the  equation, 
i.e.  which  satisfies 

(l"'"'(1),u)  =  ((|),f) 

for  all  infinitely  differentiable  functions  cj)  with  compact 
support  in  the  domain.  Here  l"  is  the  formal  adjoint  of  L  and 
(  ,  )  denotes  the  Lp  scalar  product.  Having  constructed  a 
weak  solution  u  it  then  becomes  necessary  to  prove  the 
differentiability  of  u  in  the  classical  sense.   If  in  addition 
u  is  a  generalized  solution  of  a  boundary  value  problem,  it  is 
also  necessary  to  show  that  certain  derivatives  of  u  are 
continuous  in  the  closure  of  the  domain  and  satisfy  the 
prescribed  boundary  data.   The  first  problem,  that  of 
differentiability  in  the  interior  of  y^T^has  been  treated  by  a 
number  of  authors  using  different  techniques.   P.  John  [1^] 
has  proved  the  differentiability  for  very  general  equations 
using  his  method  of  spherical  means.  Another  approach  is  based 
on  the  use  of  the  fundamental  solution  of  the  equation,  the 
existence  of  i;hich  has  been  established  by  F.  John  [li;].   This 
has  been  employed  by  L.  Schwartz  [23]  and  Browder  [1(a)]. 
There  is  a  third  method  which  is  consistent  with  the  Hilbert 
space  approach  to  the  existence  theory  and  operates  merely 
v;ith  estimates  for  the  square  integrals  of  derivatives  of  a 
solution.   This  approach,  which  is  based  solely  on  Garding's 
inequality,  and  is  therefore  restricted  to  strongly  elliptic 
systems,  has  been  carried  out  by  Priedrichs  [10]  and  also  by 
Browder  [1(c)]. 

The  problem  of  establishing  smoothness  of  the  solution  up 
to  the  boundary,  and  the  assumption  of  boundary  data,  has 
remained  open  for  some  time,  even  for  equations  v/ith  constant 
coefficients.   For  equations  of  second  order  this  problem  has 
recently  been  solved  by  C.  B.  Ilorrey  [20],  who  has  given  a  very 
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extensive  treatment  of  second  order  elliptic  systems.   The  case 
of  a  single  second  order  equation  in  the  plane  is  already- 
contained  in  Courant-Hilbert  [5]  PP.  kS^' 

In  this  paper  vie  prove  by  elementary  means  that  the 
generalized  solution  has  the  required  smoothness  properties  up 
to  the  boundary  and  is  therefore  a  solution  of  the  boundary 
value  problem  in  the  classical  sense.   We  also  indicate  how  the 
concept  of  stronn-  ellipticity  can  be  extended  to  systems  of 
equations  which  are  not  of  the  same  order  in  the  unknown 
functions. 

The  whole  Hilbert  space  theory  of  the  Dirichlet  problem, 
including  the  identification  of  the  generalized  solution  with 
the  classical  one,  can  be  based  on  the  single  Garding  inequality, 
and  we  shall  give  a  complete  discussion  of  the  problem  from 
this  point  of  view. 

For  simplicity  we  treat  the  case  of  a  single  equation 

Lu  =  f,  for  u(x),  X  =  (x^,...,x  )  in  a  bounded  domain  Jj  ,   and 

describe  later  the  extension  to  our  strongly  elliptic  systems. 

Using  D  to  denote  differentiation  D:  (D   j-^.jD,  ),  and 

1       n 
D''"u  to  denote  any  derivative  of  u  of  order  j  v;e  consider  the 

equation  with  complex  coefficients  of  order  m  in  the  form 

m 
(1.1)        Lu  =  5      (-pPpPaP'^D^u  =  f   , 

vxhere  summation  is  first  extended  over  all  derivatives  D'^,  d"' 
of  orders  p  and  a'  •   The  operator  is  elliptic  if  for  every  real 
vector  ^  :  (£,  ,...,^  )  the  characteristic  form  E,  a.    '    E,      (where 
there  is  clearly  a  summation  implied)  is  different  from  zero 
when  ^  7^  0. 

In  §3  we  solve  the  Dirichlet  problem  for  (1.1)  using  a 
modification  of  the  projection  theorem  -  a  generalized 
representation  for  bounded  linear  functionals,  due  to  p.  D.  Lax 
and  A.  Milgram  [l8],  vjhich  enables  one  to  treat  at  once  non- 
symmetric  elliptic  operators.   In  §2  we  introduce  the  well 
known  Friedrichs  and  Sobolev  classes  of  functions  [8,  21].]  having 
generalized  derivatives.   Some  aspects  of  their  calculus  is 
studied;  in  particular,  vje  call  attention  to  the  useful  Lemmas 
1  and  6. 


The  neu   material  is  contained  In  §§[|.-6. 

In  §I|.  Tje  give  a  self-contained  proof  of  the  differen- 
tiability of  weak  solutions  of  (1.1),  which  is  a  simplification 
of  that  of  ?riedrlchs  [10].  The  proof  proceeds  by  differencing 
the  equation  and  applying  Garding's  inequality  to  derive 
estimates  for  the  difference  quotients  of  the  solution.   A 
similar  approach  has  independently  been  devised  by  Paul  Berg. 
In  another  paper  in  this  issue  F.  D.  Lax  [17]  has  presented  an 
elegant  discussion  of  the  ^^rhole  question  of  differentiability 
of  solutions  of  partial  differential  equations,  and  has  also 
given  a  proof  in  the  Hilbert  space  framework  of  the  differen- 
tiability of  weak  solutions.   In  §5  we  prove  the  classical 
assumption  of  boundary  values  in  a  smoothly  bounded  domain; 
the  proof  is  based  on  the  elementary  Lemma  6  of  §2,   Browder 
has  recently  discovered  another  proof  which  employs  an  in- 
equality of  II.  Aronszajn  in  place  of  Lemma  6  of  §2,  and  requires 
Xireaker  conditions  of  the  function  f. 

Strongly  elliptic  systems  are  Introduced  in  §6.   These 
are  a  subclass  of  the  very  general  elliptic  systems  studied  by 
A.  Douglis  and  L.  Nirenberg  in  another  paper  [6]  in  this  issue. 
As  an  illustration  we  present  an  example  involving  functions 
u(x,y),  v(x,y): 

(D^+  Dpu   -  dK   +  L^^u  +  L^^v   =  f^  , 
(1.2) 

D^u+  (D^  +  Dy)\  +  L2]_u  +  L22V  =  f2   , 

where  L-j^^,  L-|^2*  ^21'  ■'-'22  ^^^   arbitrary  linear  differential 
operators  of  1-st,  3-rd,  3-rd  and  5-th  order,  respectively.  As 
shown  in  §6,  the  follox-jing  is  a  well  posed  Dlrichlet  problem 
for  this  system;   prescribe  the  values  of 

u     V     ^    5  V 

on  the  boundary  (where  d/dn   denotes  differentiation  in  the 
normal  direction)  -  this  despite  the  fact  that  fourth  order 
derivatives  of  u  occur  in  the  system. 


t  ". 
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Since  the  whole  discussion  given  here  is  based  on  the 
single  Garding  inequality,  (3.6),  v;ith  other  known  estimates 
ignored,  our  differentiability  theorems  are  not  proved  under 
the  weakest  possible  conditions  on  the  coefficients  of  the 
equations,  such  as  in  Morrey  [20].   Combining  the  results 
obtained  here  i/ith  the  differentiability  theorems  in  §G  of 
Douglis,  llirenberg  [6]  one  clearly  obtains  much  stronger 
differentiability  statements.   The  author,  in  a  paper  under 
preparation,  has  obtained  strong  differentiability  theorems 
for  general  systems,  analogous  to  those  of  Morrey  [20]  for 
systems  of  second  order,  ^^^ith  the  aid  of  results  by  A .  P. 
Calderon  and  A.  Zygmund  [J-i-]  . 

2.   Function  Spaces  and  Their  Calculus 

We  consider  a  fixed  bounded  domain  -I^   (open  point  set) 
in  n- space  with  boundary  oO  and  closure  ^^  . 

Definition.  .O   is  of  class  C.,  for  integral  j  >  1, 
provided  there  exists  a  finite  number  of  subdomains,  called 
patches,  which  together  x^iith^a  compact  subdomain  of  X/  cover 
:0 ,    such  that  the  closure  ^  of  each  patch  -CI   may  be  mapped 
in  a  one-to-one  way  onto  a  closed  domain,  with  JCj  \\  (^L   mapped 
onto  a  set  lying  in  an  n-1  dimensional  plane,  and  such  that  the 
mapping  and  inverse  mapping  are  j  times  continuously 
dif ferentiable . 

Unless  the  contrary  is  stated  the  letter  (j)  x-jxW   always 
be  used  to  represent  test  fxanctions:   infinitely  dif  ferentiable 

f 

functions  with  compact  support  in  -3  ,    i.e.  vanishing  near  ./^  . 

Ue  introduce  in  a  vjell  known  manner  certain  fvmction 
spaces  which  are  Hilbert  spaces  and  summarize  briefly  some  of 
their  properties.   For  complex  valued  fxinctions  u  having 
continuous  derivatives  up  to  order  j  >  0  in  /^  define  the  norm 

(2.1)  iu|2  =  ii:  (  b^ui^dx 

J    1=0  '^ 
and  the  associated  scalar  product 
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(u,v)  .  =  >    [  D"'"uD'''v  dx  . 
J    i=0  '^ 

In  such  sums  it  i^jill  always  be  understood  t'qat  summation 
extends  first  over  all  derivatives  of  the  orders  shown.   All 
integrations  will  extend  over  c&   •  We  define  the  following 
Hilbert  spaces  (Priedrichs  [8],  Sobolev  [2l\.])  : 
H.:   The  completion  of  the  set  of  such  functions  with  respect 
to  the  norm  I  1 . . 

II.:      The  closure  of  the  subspace  of  H.  spanned  by  test 
functions.   The  associated  norms  and  spaces  relative  to  a  sub- 

domain  f^^  will  be  denoted  by  I  I  .,  H.,  H,.   Clearly  a  function 

J       J       J 

in  H  .  is  also  in  Lp  •   The  spaces  H^^,  Hj^  are  simply  the  Lp 
spaces  in  ^  and  v;e  use  (u,v)  to  denote  the  scalar  product  in 
this  space  . 

A  function  is  said  to  have  strong  derivatives  up  to  order 
j  in  a  domain  if  it  belongs  to  H  .  for  every  compact  subdoma in  (X, 

J 

In  Q,    we  then  have  a  sequence  of  approximating  functions  ?u  \ 
f,  "  n 

with  lu  -ul  .  — >  0.   The  limits  in  H^  of  their  derivatives 
n    J  0       . 

D  u  ,  i  <  j,  are  called  strong  derivatives  D  u  of  u  in  ^1   . 
To  see  that  these  are  uniquely  defined  we  introduce  the  concept 
of  weak  derivative.   A  function  u  in  y^  is  said  to  have  a  weak 
derivative  D-^u  =  v  if  u  and  v  are  functions  in  W'^     in  every 
compact  subdomain  ^X   and  if  for  every  test  function  <j)  the 
identity 


(2.2)         j  uD^'cM^  =  (-1)^'  r  vcj)  dx 


holds.   It  follows  immediately  from  (2.2)  that  weak  derivatives 
are  uniquely  defined.   In  addition  it  is  easily  seen  that 
strong  derivatives  in  CI   are  also  v/eak  derivatives  in  Ct   ;  they 
are  therefore  also  uniquely  defined  in  (2   .   it  follows  that 
they  are  well  defined  functions  in  .ij   belonging  to  H'^  in  every 
compact  subdomain  CX   .     Ue  observe  also  that  the  natural  em- 
bedding of  H  .  in  H^  is  one-to-one. 

Now  for  a  few  remarks  on  the  calculus  of  strong  deriva- 
tives the  proofs  of  which  are  merely  sketched  and  left  to  the 
reader , 


•i^!.;  i 
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First  of  all  it  is  easily  seen  that  a  function  in  H. 
remains  in  H  .  under  a  continuous  one-to-one  change  of  independent 

J 

variable  which,  together  ;^Jith  the  inverse  transformation,  has 
continuous  bounded  derivatives  up  to  order  j,  and  that  the 
standard  chain  rule  formulas  for  differentiation  hold. 

V/e  also  observe  that  the  usual  identities  for  integration 
by  parts  hold  for  functions  having  strong  derivatives  provided 
both  sides  of  the  identities  are  meaningful  for  these  functions. 

Lemma  1.   If  a  function  u  belon,qs  to  Ln    in  /)'  and  is  the 
vreak  ( in  Lp )  limit  of  a  sequence  of  functions  ^  in  H  •  with 
uniformly  bounded  norms  u  I  .  then  u  belongs  to  H.  and  its 
derivatives  up  to  order  j  are  the  weak  limits  of  the  corres- 
ponding  derivatives  of  the  functions  u  . 

Proof:   By  choosing  a  subsequence  if  necessary  we  may 

suppose  that  all  derivatives  of  the  u  up  to  order  j  converge 

weakly.   The  result  for  the  subsequence  then  follox-js  by  repeated 

application  of  a  theorem  of  Banach-Saks  which  asserts  that  a 

weakly  convergent  sequence  in  Hilbert  space  has  a  subsequence 

2 
whose  arithmetic  means  converge  strongly  to  the  weak  limit. 

Since  the  derivatives  of  u  are  uniquely  defined  it  then  follows 

that  they  are  the  weak  limits  of  the  derivatives  of  the  original 

sequence,  not  merely  the  subsequence. 

Lemma  2.   l£  u  is  strongly  diff erentiable  up  to  order  1 
and  the  i-th  order  derivatives  of  u  are  strongly  differentiable 
up  to  order  j  then  u  is  strongly  differentiable  up  to  order  i  +  j . 

This  is  most  easily  proved  with  the  aid  of  the  Friedrichs 
mollifiers  [9]  which  \-je    describe  briefly.   Let  j(x)  be  an 
infinitely  differentiable  function  in  n- space  v/ith  support  in 
the  unit  sphere  Ixl  <  1  and  suppose  j(x)  >  0,  and 

|j(x)dx  =  1  . 

In  any  subdomain  61   of  /j  whose  distance  to  ^  is  greater  than 
e  the  smoothing  operator,  or  mollifier,  is  defined  as 


2  A  simple  proof  is  given  in  Riesz-Nagy  [21],  §38. 
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(2.3)         J  u  =  e"^  I  j(^I)u(y)dy   . 


e 

Clearly  j  commutes  with  differentiation.   In  addition  it  has 
the  following  established  properties. 

1      i'^ 

lim  I J  u  -  ul   =  0  , 

(2.14.)  '^° 

Ij  ul   <  luL   . 

e   0  —    0 

To  prove  the  lemma  consider  a  subdomain  <^  of  Jj  whose 
distance  to  ^   is  Greater  than  some  e„  >  0.  ^'e  find  easily  that 

lim  I J  u  -  u I   =  0 

and  that  Ij  ul    is  bounded  by  a  constant  independent  of  e  for 

^      e   i+k 
e  <  i-  e^.   The  result  follovjs  by  Lemma  1.   (It  can  also  be 

easily  seen  that  in  Ci    the  derivatives  of  J  u  up  to  order  i+j 

converge  in  the  mean  as  e  — »  0.) 

Lemma  3 .   Let  -/T^ ,  •  •  . ,  T^^^   be  subdomains  of  jQ  vrith 
Pf'  cz.     '  J  Di  •   Suppose  a  function  u  in  ^0  belongs  to  H  •  for  each 
D'    ^^^^  ^  belong^s  to  H.  in  /7. 

proof:   We  sketch  the  proof  only  for  j  =  Ij  a  similar 

argument  holds  for  other  j.   Let  1  £  )    <j).  be  a  partition  of 

unity  in  ^  where  the  function  (j).  is  infinitely  differentiable 

and  has  the  property  that  ^,''i(the  support  of  c|).)  is  contained 

in  one  of  the  -Q^,  .  .  .  ,j^  t^,    say  tj      ,  i  =  1,...,N.   Since,  in 

-■•  Pi 

y0  ,  u  belongs  to  H-,  there  exists  a  sequence  of  differentiable 
functions  -^u^P^j  in  Q      converging  in  the  mean  to  u,  and  vjith 

mean  convergent  first  derivatives  Du^^  . 

n 

Construct  the  sequence  of  function  in  Jj 


(Pi) 
n 


u  =  \        (b.u 
'-J—   ^1  n 


Prom  the  equations 


aar; 


iJ  J 


■^   ( 


u  -  u  = 
n 


i 


, ,    (Pi)   _   ,    ,    (Pi) 

Du^^E^M^n    -^^  (D<|..).(u^  ^  -u) 

it  follows  easily  that  u  converges  in  the  mean  to  u  in  ^  and 
that  the  first  derivatives  Du  converge  in  the  mean  in  J^ 
proving  that  u  is  in  H-,  . 

Consequently  strong  differentiability  is  a  piirely  local 
property. 

Corollary,   if  to  every  point  in  O   there  is  a  neighbor- 
hood (^^   in  which  u  belongs  to  H  .  then  u  is_  j  times  strongly 
differentiable  in  ,J[j  . 

Lemma  I4..   Let  ^  be  a  bounded  domain  whose  boundary  is 
made  up  of  two  disjoint  point  sets  /^l-,,    CL^   with  O.-^    contained 
in  some  hyperplane,  say  x  =  a_  const.,  c.   If  u  is_  j  times 
strongly  differentiable  in  Q.   and  if  its  strong  derivatives 
are  in  Yl-     then  u  belongs  to  H  .   for  any  subdomain  ^   of  <X 
vrhich  is  bounded  away  from  d  p . 

Note  that  the  subdomain  may  touch  Q.     . 

Proof:   Let  (K9  be  a  subdomain  of  (^   whose  distance  to  O.^ 
is  at  least  £„  >  0.  He  may  suppose  that  points  in  ^   near 
CL^   have  coordinate  x   >  the  constant  c.   In  1^  apply  a  modified 
mollifier  to  u, 

(j;u)(x)  =  e"^  J  j(_e_Z)u(y)dy  ,    e  <  Sq  ' 

where  x   is  related  to  x  =  (x-,,...,x  )  by 

x^  =  ( x-^ ,  . . , ,  x^  +  e )  . 

It  is  easily  seen  that  lim  Ij'u-u   =  0  and  that  Ij'ul    is 

e-»0   ^     0  '  ^  'j 

bounded  by  a  constant  independent  of  h.   The  result  follows  by 

Lemma  1.   (It  is  in  fact  easily  seen  that  the  derivatives  of 

j'u  up  to  order  j  converge  in  the  mean  in  ()<£/). 


<  ,■, , 
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By  breaking  up  a  smooth  domain  into  an  interior  domain 
and  boundary  patches,  applying  Lemmas  3  and  I4.  we  may  easily 
derive 

Lemma  5«   Let  u  be  strongly  differentiable  up  to  order  j 
in  a  domain  dt^  ot   class  C..   If  its  strong  derivatives  are  in 
H ^  then  u  belongs  to  H  • . 

Lemma  6 .   Let  u  belong  to  H . ,  j  >  0 ,  in  a  domain  C^  ££ 

J 

class  C p .   For  sufficiently  small  e  >  0  there  exists  a  constant 
c ( e , j )  depending  only  on  e  and  j  such  that 

(2.5)  lul^_^  <  elul^  +  c(e,j)lul^   . 

o 

For  functions  in  H.  the  inequality  is  well  knovjn  and 
easily  proved  by  using  induction  on  j  and  performing  an 
integration  by  parts  (or  by  means  of  Fourier  transforms).   The 
Lemma  is  proved  in  the  Appendix.   Another  proof,  requiring 
slightly  less  regularity  of  the  domain,  was  recently  given  by 
G.  Ehrling  [?]• 

Definition;   (1)  A  domain  /^is  said  to  have  the  cone 
property  if  every  point  in  j^^is  the  vertex  of  a  closed  solid 
right  spherical  cone  V  of  fixed  opening  and  height  which  belongs 

to  i^ . 

(2)  /yis  said  to  have  the  strong  cone  property  if  there 
exist  positive  constants  d,  \   and  a  cone  V  as  above  such  that 
any  points  P,  Q  in  (O"  with 

s  =  I P  -  Q I  <  d 

are  vertices  of  cones  Vp,  V^  which  are  congruent  to  V,  and  have 
the  property  that  the  volume  of  the  intersection  of  ^[   ,   V^  with 
iJ  and  the  two  spheres  v;ith  centers  p,  Q  and  radius  s,  is  not 
less  than  \s^. 

It  is  easily  seen  that  a  domain  of  class  Cp  satisfies  the 
strong  cone  condition. 

It  is  v;ell  known  that  a  function  in  H  • ,  with  a  sufficiently 
large  j,  is  continuous;  we  simply  quote  the  following  lemma  of 
Sobolev  [2ij.],  (see  also  Friedrichs  [10]): 


?  •-;  .i 


or.: 


,    i  '■•     ■'■:-. 
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Lemma  7.   If  u  is  in  Hr  /qi ii  in  a  domain  Q  having  the 
cone  property  then  u  is  continuous  in  ^  and  satisfies 


Iu(x)l  <  const.  I^'rv,/2l+i 


where  the  constant  depends  only  on  the  cone  V. 

Remark;   Under  the  same  hypothesis,  if  ^  has  the  strong 
cone  property  then  we  may  assert  that  (i)  for  n  odd,  u 
satisfies  a  Holder  condition  with  exponent  ^t    (ii)  for  n  even, 
u  satisfies  a  Hlilder  condition  with  any  exponent  <  1. 

Lemraa  8.   Let  u  be  in  H-,  in  a  domain  /y  of  class  C-i  •   l£ 
u  is  continuous  in  ,j^  then  in  fact 

u  =  0   on  n   . 

Proof:   Let  P  be  a  point  on  the  boundary  Q  ,   and  consider 
u  in  a  patch  <^  of  «C^near  p.   Since  ^  is  of  class  C-,  we  may 
suppose  (after  a  transformation  of  independent  variable)  that 
in  a  neighborhood  of  P  the  boundary  of  <^  lies  in  a  hyperplane 
X  =  0.   Let  S  be  an  n  dimensional  right  spherical  cylinder 
vjith  base  on  the  hyperplane  x  =  0  and  generators  parallel  to 
the  X  -axis.   Assume  that  P  is  the  center  of  the  base  and  that 
the  area  of  the  base  equals  the  height  of  the  cylinder,  which 
we  denote  by  h.   For  a  point  x  in  S ,  and  a  continuously 
different iable  function  u  vanishing  on  x  =  0,  vre  have 

a2     ] 

u^(x)  = 


so  that,  by  integration  over  S, 

(2.6)  I  u^dx  <  h^  (  u^  dx   . 

s  s 

The  given  fvmction  u,  being  in  H-i  ,  can  be  approximated 
in  the  mean  (together  vjith  its  derivative)  by  such  functions 
(together  v/ith  their  derivatives)  so  that  (2.6)  holds  also 
for  u.   'Jriting  the  inequality  in  the  form 


{.     "    iS 
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-1    n      2  ''"'2 

(Voliome   of  S)"      l    u  dx  <    i    u^  dx 

s        s 

2 

we  observe  that  as  h  -^>  0  the  left  hand  side  converges  to  u  (P), 

by  the  continuity  of  u  at  P,  while  the  right  hand  side  tends  to 
zero,  since  S  — >  0.   Thus  u(P)  =  0. 

The  following  is  easily  verified. 

Lemma  9 .   Let  (^   be  a  subdomain  of  Ju  with  (0  C  Ju  . 
For  a  function  u  in_  H  .  the  difference  quotient,  say  with 
respect  to  x, , 

h   1 
u  =  ^(u(x^ +  h,X2, . .  .,x^)  -u(x-|^,X2,  . .  .,Xj^) ) 

is  well  defined  in  (^   for  h  sufficiently  small;  u   satisfies 

lu"^!  .  -,  <  lu^l  .   and    lim  lu^  -  u^  I   =  0  . 
J--L  -     J         k— >o       1  Q 

In  case  u  is  in  H  •  we  may  consider  u  extended  to  the  v/hole  space 
by  making  it  vanish  outside  of  ^y  .   Then  we  have 

lu"^l  .  ,  <  lul  .    and    lim  lu^  -u^  I   =  0  . 
J"-^  ~    J  k— >0      ^1  ° 


3.   The  Existence  Theory 

We  now  give  a  brief  description  of  the  Hilbert  space 
approach  for  the  Dirichlet  problem  for  equation  (1.1) 

Lu  =  f  . 

Definition:   A  function  u  which  belongs  to  H^  for  every 
compact  subdomain  Ci.   is  said  to  be  a  weak  solution  if  it 
satisfies  the  identity 

(3.1)  (L""<t),u)  =  ((|),f) 

for  every  test  function  cj).   L'"  is  the  formal  adjoint  of  L.   By 
integration  by  parts  we  see  that  any  vreak  solution  u  having 


( '.'    ' 
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.:      0 


9o.i'  ;u^ 


13 

continuous  derivatives  up  to  order  2m  satisfies  ((j),Lu)  =  (<j>,f) 
for  every  ^,   and  is  therefore  a  solution  in  the  classical  sense, 

The  classical  Dirichlet  problem  requires  us  to  find  a 
solution  uhose  boijindary  values,  and  those  of  its  derivatives  up 
to  order  in-1,  are  given  on  the  boundary.   The  Hilbert  space 
information  is  by  now  classical: 

■The  Generalized  Dirichlet  Problem.   Given  functions  u 

in  H  ,  and  f  in  H^,  find  a  weak  solution  u  of  the  equation  such 

—  m  —  0 

that  u  -u^  is  in  H  ;  u  is  then  considered  to  have  the  same 

0  m 

Dirichlet  data,  in  a  generalized  sense,  as  u„. 

If  u  is  such  a  solution,  with  L  given  by  (1.1)  i-je  may,  by 
partial  integration,  express  (3«1)  ii^  the  form 

m 

(3.2)  3[ct),u]  =  } (DP<i),aP'''^D^u)  =  (<|),f)  , 

p,r=o 

or 

(3.3)  B[(t),u -Uq]  =  (<t),f)  -B[^,Uq]   . 

V/e- observe  that  B[u,v]  is  linear  in  u,  antilinear  in  v, 
and  that,  by  Schwarz'  inequality 

(3.^-)  l3[u,v]  I  <  const,  lul   .  Ivl    , 

the  constant  depending  only  on  the  bounds  of  the  coefficients 
aP'  ■^. 

The  existence  theory  applies  to  an  operator  ^^;hich  is 
uniformly  elliptic,  i.e.  to  one  having  bounded  coefficients 
aP'  ,  and  for  which  the  characteristic  polynomial  is  positive 
definite : 

(3.5)      ^..(-D^^^V^'^^"'  >  CqUI^"^  . 

Here  c_  is  a  positive  constant,  1^1  denotes  the  length  of 
the  real  vector  4:  (^n,...,^  ),  and  £  abbreviates  any  product 
of  m  of  the  £^,  . . .,5  . 

We  shall  suppose  the  leading  coefficients  a"^'"^  to  be 
continuous  in  j^ ,    and  we  shall  use  the  letters  c,  k  to 


■d)'-<    '•'.'■■     ■  • 


i;-     I 


r.r,C  Ifi 


rrf 


■D    ■■L-i'-^ 
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represent  constants  which  depend  only  on  c^,  the  bounds  on  the 
coefficients  a^'",  and  on  the  modulus  of  continuity  of  the  a  '  . 

Theorem  1.   Let  L  be  uniformly  elliptic.   For  k 
suf f i ciently  large  the  generalized  Dirichlet  problem  for  the 
equation 

(L  +  k)u  =  f 

admits  a  unique  solution.   For  the  equation  Lu  =  f  we  have  the 
Fredholm  alternative. 

The  single  estimate  on  which  the  proof  of  the  theorem  is 

based  is 

Gardlng's  Inequality  [11].   For  the  uniformly  elliptic 
operator  L  there  exist  constants  c  >  0  and  k  such  that 

(3.6)      ^LbI^^]   =  £>(<!), Let))  >  cl(t)l^-ki(|)l^ 

holds  for  every  test  function  (j). 

Its  derivation  may  be  sketched  as  follows: 
(i)  In  case  L  has  only  terms  of  order  2m  with  constant 
coefficients,  (3.6)  is  proved  with  the  aid  of  Fourier  trans- 
forms. For  variable  coefficients  the  inequality  is  proved  by 
(ii)  breaking  up  the  integrals,  v/ith  the  aid  of  partition  of 
unit3^,  into  sums  of  integrals  over  small  regions,  (iii)  approxi- 
mating in  each  region  the  leading  coefficients  by  their  values 
at  some  point  in  the  region  and  using  the  resiilt  already 
established  in  (i)  for  the  constant  coefficient  case,  and 
(Iv)  estimating  the  error  term  with  the  aid  of  Lemjua  6  of  §2 

for  the  trivial  case  of  functions  in  K  . 

m 

Once    (3.6)    is   established  for   fionctions  with  compact 
siipport   it  may  be   extended,   by   completion,    to   functions  u  in  H    : 

(3.6)'  ifiii-B[u,u]    >   clul^-klul^      . 

In  proving  Theorem  1  vje  shall  use  a  modified  form  of  the 
projection  theorem  in  Hilbert  space.   This  is  a  generalized 
representation  theorem  for  bounded  linear  functionals  due  to 
P.  D.  Lax  and  A.  Milgram  [l8],  which  enables  us  to  treat  at  once 
non-symmetric  operators. 


::ii-3 
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Representation  Theorem.    Let  3[x,y]  be  a  form  defined 
for  pairs  of  elements  x,  y  in  a  Hilbert  space  H  ( norm  I  I ) 
r/hich  is  linear  in  x,  antilinear  in  y,  and  satisfies 

(3.!4.)«  l3[x,y]l  <  const .  Ix  I  •  ly  I 

Suppose  that  for  some  positive  constant  c 

(3.7)  Ib[x,x] 1  >  clxl^ 

for  every  x  in  H.   Then  every  bounded  linear  functional  P(x) 
admits  the  representation 


(3.8)  P(x)  =  B[x,v]  =  B[x^,x]  , 

for  fixed  elements  v ,  w  ivhich  are  unique . 

The  principle  feature  to  be  noted  is  that  no  symmetry  is 
required  of  B[x,y].   The  proof  may  be  given  in  a  few  lines: 
For  any  fixed  v,  B[x,v]  is  a  boimded  linear  functional  of  x  and 
therefore  admits  the  representation 

B[x,v]  =  (x,y)jj 

for  some  element  y,  where  on  the  right  v;e  have  employed  the 
scalar  product  of  H.   This  defines  a  mapping  y  =  Av  vjhlch  is 
clearly  linear.   Letting  x  =  v  and  applying  (3-7)  we  find  that 

clvl^  <  Ib[v,v]I  <  l(v,y)jjl  <  Ivl-lyl   , 


or 


Ivl  <  c-^ly 


It  follo^^rs  that  the  operator  A  has  a  bounded  inverse  and  hence 
that  its  range  is  closed.   V/e  see  that  the  v  corresponding  to 
any  y  is  ion  1  que .   To  see  that  the  range  of  A  is  the  whole  space 
suppose  that  z   is  orthogonal  to  it.   Then  we  have 

3[z,v]  =  0 

for  all  V.   But  setting  v  =  z  it  follows  from  (3.7)  that  z  =  0. 
Thus  A  maps  onto  the  x\'hole  space,  and  therefore  every  linear 

■■'   This  result  also  holds  in  a  reflexive  Banach  space. 


r.  V' 
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functional  P(x),  bein,3  of  the  form  (x,y)„  admits  the  representa- 
tion F(x)  =  B[x,v].   The  other  representation  is  established  in 
a  similar  way. 

Before  proving  Theorem  1  we  prove 

,  Theorem  1' .   Let  B[u,v]  be  the  bilinear  form  associated 
in  ( 3 •  2 )  with  the  given  form  (1.1)  of  L .   If  there  exists  a 
positive  constant  c  such  that 


(3.7)'  l3[(i),<{)]i  >  cUl 


for  all  test  functions  <|),  then  the  generalized  Pirichlet  problem 
for  Lu  ~  f  admits  a  unique  solution. 

Proof:   Prom  (3.^4-)  and  (3.7)',  which  by  completion 

extends  to  functions  in  K  ,  it  follows  that  the  form  Bfu.v] 

m  ^ 

satisfies   in  the  Hilbert   space  H   =  H     all   the  hypotheses   of 

m         "  ^ 

the  Representation  Theorem,  and  we  conclude  that  the  bounded 
linear  functional 

P(^)  =  (4',f)  -B[\!/,Uq]  , 

defined  for  \i/  in  H  ,  admits  the  representation  P(v|/)  =  BCvI'jV] 
for  some  (imique)  function  v  in  H  .   Setting  u  =  u  +v  it 
follows  that  u  satisfies  [3*3)   and  is  therefore  the  desired 
solution  of  the  Dirichlet  problem. 

The  first  part  of  Theorem  1  now  follows;  for,  in  virtue 
of  Garding's  inequality ■  (3.6)  '  the  operator  L+k,  to  v/hich  is 
associated  the  form  B[u,v]  +k(u,v),  satisfies  the  hypotheses  of 
Theorem  1».   To  prove  the  second  part  we  vjrite  the  equation 
Lu  =  f  in  the  form  (L+k)u  =  ku  +  f,  or 

u  =  k(L+  k)"-'-u+  (L  +  k)"-'-f   . 

Since  by  Garding's  inequality  (3.6)',  the  operator  (L+k)""^ 
maps  Hq  boundedly  into  H^  it  is  completely  continuous;  by 
Rellich's  lemma  (see  Courant-Hilbert  [5],  page  i|.89),  and  from 
the  Riesz  theory  of  completely  continuous  operators  we  see  that 
the  alternative  holds. 

Remark:   For  the  particular  operator 


,',  ".'  .  . ;  I. 
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(3.9)  L.  =  (-D'A'  +  1 

where  /\  is  the  Laplacian  the  inequality 

(^LQ<f)  >  cUlg 

clearly  holds  with  some  positive  constant  c  for  all  test 
functions  ^.      This  follows  in  fact  by  a  direct  partial  integra- 
tion, and  with  the  aid  of  Lemma  6  of  §2  in  its  trivial  form 
-for  functions  with  compact  support. 

A  number  of  more  general  boundary  value  problems  may  be 
treated  in  a  similar  manner:^   (For  simplicity  we  consider  only 
problems  with  homogeneous  boundary  data.)   Let  H  be  a  closed 

subspace  of  H  which  contains  H  .  H  is  then  a  Hilbert  space 
^        m  m 

with  I     as  norm,  and  we  formulate  the  problem:   given  f  in  H^, 
find  a  function  u  in  H  such  that 

(3.2)'  B[v,u3  =  (v,f)  , 

for  every  function  v  in  H..   (Since  only  derivatives  of  u  and  v 
up  to  order  m  occur  in  (3«2)'  the  equation  is  meaningful). 

Consider,  in  particular,  a  second  order  elliptic  operator 
in  a  smoothly  bounded  domain 

L  =  -  T^i   a.  .  -^  ]  +  a.    -^  +  a  , 


dx^\      ij  ax. /    1  Bx^ 

with  summation  convention  employed.   Take  H  =  H-i  and  imagine  a 

function  u  satisfying  (3,2) »  and  having  continuous  second 

derivatives  in  J^  and  continuous  first  derivatives  in  the 

closure  3^  ,      Then  integration  of  (3«2)'  by  parts  shov/s  that  u 

satisfies  the  boundary  condition  ^,a  u  =  0  where  (£;,  ,...,^  ) 

is  the  normal  vector  on  the  boundary.   The  function  u  is  thus 

a  solution  of  the  Neumann  problem  associated  with  the  leading 

terms  a. .. 
ij 

^  This  follows  Garding.   For  more  general  problems  see  Jacques- 
Louis  Lions  [19]  and  the  papers  referred  to  there,  and  F.  E. 
Browder  [2] , 
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The  existence  theory  presented  here,  for  Instance 
Theorem  1',  may  be  extended  to  the  more  general  problem  (3.2)' 
provided  that  for  some  positive  constant  c  we  have 

Ib[u,u]I  >  clul^  for  all  u  in  H. 

—     m 

I4..   The  Interior  Differentiability  of  Weak  Solutions 

In  this  section  v;e  give  a  simple  proof  of  the  differen- 
tiability in  the  classical  sense  of  weak  solutions  of  equation 

(1.1). 

In -view  of  the  resiilt  of  Sobolev,  Lemma  7  of  §2,  it 

suffices,  in  order  to  prove  the  continuity  of  a  function  and  of 

its  derivatives  up  to  any  order  i,  to  prove  the  strong 

differentiability  of  the  function  (see  §2)  up  to  order 

[n/2]  +  i  +  l,  x-;here  n  is  the  dimension.   Therefore  in  this 

section  we  shall  only  be  concerned  with  proving  strong 

differentiability. 

In  the  following  the  constants  denoted  simply  by  const, 
depend,  as  far  as  functions  ^   are  concerned,  only  on  the  domain 
of  support  of  (|). 

Our  aim  is  to  prove  the  follovring  theorems  for  operators 
L  satisfying 

\b[^,^]\    >   cl(j)l^-k|(|)l^ 

for  appropriate  constants  c  >  0,  k,  and  all  test  fvmctions  <j). 

Theorem  1.-^  Let  u  be  in  h'^  in  every  compact  subdomain  (X 
of  f^  and  satisfy,  for  every  test  function  ^   and  some  j , 
0  <  j  <  2m,  the  inequality 

(Il-.l)         I(l"(J),u)1  <  const. I(j)lp  _,  . 

If  the  eoeff icients  a'^''  have  continuous  derivatives  up  to 
order  m ,  then  u  has  strong  derivatives  up  to  order  j . 


-^  The  formulation  of  Theorem  1  and  also  the  use  of  the  inverse 
Laplacian  (L*  )  employed  in  the  proof  veve   suggested  by 
discussions  vfith  P.  D.  Lax. 
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Theorem  2.   Let  u  be  In  H^  In  every  compact  subdomaln  (X 
of  ,j^  and  a  weak  solution  of  Lu  =  f .   Iff  has  strong  deriva- 
tives  up  to  order  p  >  G,  and  the  coefficients  a^'"'  possess 
continuous  derivatives  up  to  order  max  (m,p+p),  then  u  has 
strong  derivatives  up  to  order  2m  +  p . 

Within  the  framex-xork  of  the  Lp  theory  Priedrichs  [10]  and 
Browder  [1(d)]  proved  the  differentiability  of  weak  solutions 
which  are  already  m  times  strongly  differentiable .   The  proof 
of  Theorem  1  is  presented  in  a  number  of  lemmas  essentially 
contaT.ned  in  Priedrichs  [10]. 

3y  our  assumption  on  L  vje  have 

(I4..2)  Ib[u,u]  I  >  clul^  -  klul^ 

valid,  by  completion,  for  all  functions  u  in  H  . 

Lemma  1.   Let  u  have  strong  derivatives  of  order  m  and 
satisfy 

(L1-.3)  I3[(j),u]l  <  const. I(t)l  _, 

Suppose  also  that  the  coefficients  aP''^  have  continuous  first 
derivatives,  then  u  has  strong  derivatives  of  order  m+1. 

Proof:   Let  (X  ^   (fy    and_t^  be  domains  vjith 
O^^Z^cJi,   CI  ■15  —  (i5  <^-  ^^    ■--  '^  —  ■^ i   where  bar  denotes  closure, 
and  let  ^  be  an  infinitely  differentiable  positive  function  with 
support  in  c6  which  is  identically  one  in  <Z   and  nowhere  greater 
than  one.   Set  ^u  -  v. 

For  h  sufficiently  sraall,  and  any  point  P:  (x^,...,x^) 
in  'jO   ,  the  point  P,  :  (x, +h,Xp,  . . .  ,x  )  lies  in  G    .     Denoting 
the  difference  quotient  of  a  function  g  by 

h   S(Ph)-G(P) 
g  =  H ' 

and  regarding  g  as  a  function  of  P  we  find,  using  K.j^,K2»««' 
to  denote  constants  independent  of  (j),  that 
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l3[(|),v^]l    =    I    y^^   (DP(l),aP''^D^(r,u)^ 


m 


/f 


p,:)-0 
where  we  have   eraployed  Lemma   9    of   §2, 

+  K.  Ul  •  lul 
i   m 

(^DPr^,aP''^^D^u)  +K^\<i^\^      , 


V 

^ 


p,a'-0 


,6 

m 


r 

2- 


p,'.^=0 


,p»^ 


since  the  coefficients  a^^'  have  bounded  first  derivatives, 

h        -h 
and  since  (f,g  )  =  -(f   ,g)  if  g  vanishes  in  an  h-strip  near 

the  boxondary.      Thus 

m 


l3[<}),v^^]l    < 


nZ  (DP(^r^),aP'^D^u)    +K3lf^l^.^+K2ltl^ 


p,-T  =  0 


-h 


Applying  now   (Ii..3)   with  ^  replaced  by  ^(j)~     we    infer   that 


-hi 


{k*h) 


l3[<}),v'^]l    <  K[^I<1>       Ij^.i+Ka'^' 


m 


1  I%lf 


m 


in  virtue  of  Lemma  9  of  §2.   Since  this  inequality  holds  for 
all  test  functions  ^   it  extends  to  all  functions  ^   in  H^,  and 
if  we  now  set  (j)  =  v^  ue   find 


'm' 


Applying  (I4..2)  we  infer  with  the  aid  of  Lemj^a  9  of  §2  that 
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rn  —  5    ^        0 

<  K.lv^l   f  l:lvl2 
—  b    m       1 


from  which  it  follows  that  Iv  I   is  bounded  by  a  constant 

m 

independent  of  h. 

since  novj,  by  Lemma  9  of  §2,  v   converges  to  3v/ax-,  in 
the  mean,  it  follows  from  Lemma  1  of  §2  that  av/^x,  has  strong 
derivatives  of  order  m.   Similarly,  the  other  first  derivatives 
of  V  may  be  shown  to  be  m  times  strongly  differentiable .   By 
Lemma  2  of  §2  it  folloxjs  that  v  is  (m^■l)  times  strongly 
differentiable,  and  since  u  =  v  in  CI   it   follov;s  that  u  is  in 

H   T,  thus  provinn:  the  lemma, 
m+l 

■  Lemma  2 .   Let  u  have  strong  derivatives  of  order  m  and 
satisfy,  for  some  integer  j,  0  <  j  <  m, 

(1|.5)  l3[<j),u]l  <  const,  lt'ni-1  * 

If  the  coefficients  aP'   have  continuous  derivatives  up  to 

r- ■ '        — 

order  max  (l,p-m+j)  then  u  i^  (ni+j)  times  strongly 
differentiable. 

Proof  by  induction:   By  Lemma  1  the  lemma  is  true  for 
j  =  1.   VJe  shall  prove  it  for  any  j  supposing  it  to  be  true 
for  j-1,  1  <  j-1  <  m;  u  is  then  (m+j-1)  times  strongly 
differentiable.   Replacing  (j)  in  (U«5)  ^7   ^^7  derivative  D^   of 
(()  we  have 

([j..5)'     l3[D(t>,u]l  <  const  •  lD<t)l   .  <  const .  1  (})|  _  .  , 

By  partial  integration  we  easily  see  that 

m 
B[D(|),u]  =  -  J  {D^i^,D{a.^'^D    u)) 

p,'V=0 

=  -3[(t>,Du]  -  ^  (DP(|),(DaP'^).D^u)   . 


By  modifying  the  proof  we  may  slightly  weaken  the  conditions 
on  the  coefficients. 
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Since  u  is  (m+j-1)  t5.mes  strongly  differentiable,  and  because 
of  the  conditions  on  the  coefficients,  it  follows,  with  the 
aid  of  integration  by  parts,  that 


Ib[<}),Du]I    <    IB[D(t>jU]  I  +  const .  I  <|) 

<  const .  N)!   /  .  T  \ 
^  rn-(  j-1) 


m-j+1 


in  virtue  of  (1^.5)  •   But  "oj   the  induction  hypothesis  the 
function  Du  is  then  (m+j-1)  times  strongly  differentiable,  and 
the  conclusion  follows  by  Lemma  2  of  §2. 

Lemma  3.   Let  u  be  m  times  strongly  differentiable  and 
be  a  weak  solution  of  Lu  =  f,  i.e.  satisfy 

B[(t5,u]  =  (({),f)    for  all  (j) 

If  f  _l£  p  times  strongly  differentiable  and  the  coefficient 

bP '      are  max  (l,p+p)  times  continuously  differentiable  then  u 
is  (2m+p)  times  strongly  differentiable. 

Proof:   By  Lemma  2  viith  j  set  equal  to  2m,  it  follows 
that  u  has  strong  derivatives  up  to  order  2m.   Thus  Lemma  3 
for  p  =  0  is  proved.   Suppose  p  =  1;  ^^^e  readily  see  that  any 
derivative  Du  of  u  is  a  weak  solution  of  the  differentiated 
equation,  or 

B[(|),Du]  +  (cl),L'u)  =  (KDf)   , 

where  L'  is  the  equation  having  as  coefficients  the  D 
derivatives  of  the  coefficients  of  L.  Therefore 

Ib[<|),Du]1  <  const.  I  (j)l  , 

Applying  Lemma  2  it  follows  that  Du  has  strong  derivatives  of 
order  2m.   Since  Du  was  any  first  derivative  of  u  it  follows 
from  Lemma  2  of  §2  that  u  has  strong  derivatives  of  order  2m+l. 
For  p  >  1  this  argument  may  be  repeated. 


o:.' 
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Proof  of  Theorem  1:   ^'e  may  suppose  that  u  is  In  L2>  by 
confining  ourselves  if  necessary  to  a  compact  subdoiiiain.   The 
proof  Is  by  induction  on  j:   assume  the  theorem  true  for  all 
values  <  j-l  <  2m;  we  wish  to  prove  it  for  j.   Ue  can  then  say 
that  u  is  (j-l)  times  stronrly  differentiable .   If  j-l  >  m  the 
theorem  follows  from  Lemma  2,  and  we  therefore  suppose  that 
j-l  <  m. 

'Jith  the  operator  L_  as  defined  in  (3 '9)  let  h  be  the 

weak  solution  in  H  of  the  equation 

s 

L  h  =  u  for   s  =  m-j+1  . 
s  '^ 

By  the  existence  theory  of  the  previous  section  h  exists. 
Since  u  is  (j-l)  times  stronf^ly  differentiable  it  follovrs,  by 
applying  Lemma  3  to  this  equation,  that  h  has  strong  deriva- 
tives up  to  order  2s+j-l  =  m+s. 

Substituting  nov;  for  u  in  (L|-.l)  we  have 


I  (L'-'tj'jL^h)  I  <  const .  I(j)l2j.^_  •  • 


The  expression  on  the  left  may  be  written  in  the  form  of  (3.2), 

m-fs  p    r, 

(L-Kl  h)  =  3'[<t),h]  =  -^  (D''<t),b^'^D''h)   , 

in  which,  from  the  conditions  on  the  coefficients,  one  can  see 
easily  that  the  functions  b'^''^  possess  continuous  derivatives 
up  to  order  max  (l,a-m-s4j).   since  furthermore  the  form  3'  is 
associated  with  the  elliptic  operator  LL   of  order  2  (m+s)  we 
may  apply  Lemma  2  to  the  function  h  satisfying  the  inequality 
above , 

lB'[<t>,h]l    1  const.  I(})l2j^_j   =   const .  I  (}>  l^_^_^_-,_      , 

and  conclude  that  h  has  strong  derivatives  up  to  order  m+s+1. 
Since  u  is  expressed  in  terms  of  the  derivatives  of  h  up  to 
order  2s  it  follows  that  u  has  strong  derivatives  up  to  order 
m+s+l-2s  =  j,  and  the  Theorem  is  proved. 
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Proof  of  Theorem  2:   Theorem  2  follov;s  immediately  from 
Theorem  1  and  Lernria  3- 

It  is  clear  that  the  ar^'ument s  given  here  may  be  employed 
to  derive  estimates  of  the  square  integrals  of  derivatives  of 
solutions  of -Lu  =  f.   Such  a  priori  estimates  have  been  derived, 
foj?  instance,  by  Prledrichs  [IC]  vrith  the  aid  of  inequality 
(3.6),  and  since  i-ieak   solutions  have  been  shoT%m  to  be  strongly 
differentiable  the  estimates  apply  to  them.  A  typical  estimate 
for  any  compact  subdomain  ^  is 

(i) 
(i]-.6)^         {\u\^)^  <   const. (Iul^+  |f|2) 

v;here  the  constant  depends  only  on  c'^  and  on  bounds  for  the 
derivatives  up  to  order  m  of  the  coefficients  a^''^  , 

(ii) 

f'l    o  o       o 

(i+.6)2    (  lul.)"^  <_  const. (  lu|-+  If  h_2^^)    for   j  >  2m 

where  the  constant  depends  only  on  f^    and  on  bounds  for  the 
derivative  of  the  a^'^-^up  to  order  max  (m,p+j-2m). 

5.   Differentiability,^  at  the  Boundary 

The  solution  u^^'H^^  of  the  generalized  Dirichlet  problem 
(3«3)  is -a  solution  in  the ■ classical  sense  provided  the 
boundary,  the  coefficients,  and  functions  f  and  u  are 
sufficiently  smooth.   (See  also  the  remark  at  the  end  of  this 
section.)  V/e  shall  prove  this  using  Lemma  6  of  §2  and  argu- 
ments similar  to  those  used  in  the  proof  of  Lemmas  1-3  of  slj.. 

To  start,  a  few  simplifying  remarks: 

(i)  ^'e  assume  first  of  all  that  u,,  =  0,  so  that  utH  ; 

0  m 

for,  if  Uq  is  sufficiently  smooth  it  can  simply  be  subtracted 
from  u. 

(ii)  Once  we  have  shown  that  u  and  its  derivatives  up  to 
order  m-1  are  continuous  In  ^it  follows  from  Lemma  8  of  §2 
that,  in  fact,  they  vanish  on  the  boundary,  so  that  the 
Dirichlet  data  is  satisfied. 


h  ■■'.'  f ' 


o'*-    '■■ 


'^,  f  , 


IQ 


T-    •^  '  1    ■    T. 


'■■} 


'  nri.  r 


.)■) 


■[    \ 


'  '  vx:i\y. 


25 

(iil)  In  order  to  prove  that  u  has  continuous  derivatives 

of  order  i  In  Jj   it  suffices,  in  virtue  of  Lemma  7  of  §2 

(Sobolev)  to  show  that  u  is  in  Hr  /p-i  .^^.t  •   Thus  we  shall  be 

concerned  here  only  v/ith  proving  that  u  is  in  H    for  any 

given  p  >  0.   For  this  pxirpose  we  shall  require  that  f  be  in 

H   1 .  We  shall  not  keep  a  careful  accounting  of  the 

differentiability  requirements  made  on  the  coefficients  of  the 

equation  or  on  the  boundary.   The  reader  can  verify  that  it 

suffices  that  the  a^'  have  continuous  derivatives  in  ;/"?  up  to 

order  max  (l,p+m+p-2)  and  that  the  domain  belongs  to  class 

C-  ri-?*  These  requirements  are  too  restrictive;  concerning 

f  It  should  be  sufficient,  in  analogy  v;ith  Lemr>ia  3?  that  f  be 

in  H^  for  p  <  m,  and  in  H    for  p  >  m.   However  our  proof, 
0       —  p-m 

based  on  Lemma  6'  of  §2  is  too  elementary  to  give  the  strong 
result  except,  of  course,  when  m  =  1  in  which  case  the  two 
requirements  are  the  same.   The  case  m  =  1  has  also  been 
treated  by  0.   Ladyzenskaia  [l6].   The  appropriate  a  priori 
estimates  for  this  case  were  also  obtained  by  J.  Schauder  [22] 
in  the  plane  and  by  R.  Caccioppoli  [3]. 

Thus  under  the  results  stated  here  on  the  coefficients 
and  on  the  domain  we  prove  the 

Theorem.   Le t  ue  H   be  a  solution  of  the  generalized 

Dirichlet  problem  (3.3)  (u_  =0).   If  f  belongs  to  H   ,, 
(j        —   = p-1 

p  >  0 ,  then  u  belongs  to  H    .   In  particular  if  p  -  [ n/2 ] +2 
then  (by  Theorem  2  of  §[(.)  u  ls_  2m  times  continuously 
differentiable  in  iQ   and  (m+1)  times  continuously  differen- 
tiable  in  ^x  ,    furthermore  u  and  its  derivatives  up  to  order 
m-1  vanish  on  the  boundary,  so  that  u  is  a  classical  solution 
of  the  Dirichlet  problem . 

(iv)  By  Theorem  2,  under  the  conditions  on  f  and  the 
the  coefficient  stated  in  (lii)  the  function  u  belonrs  to 

^2m+^-l  ^^^   every  compact  subdomain  'Jc  .   In  virtue  of  Lemma  3 

of  §2  it  therefore  suffices  to  show  that  u  is  in  H    in  a 

m+p 

finite  number  of  patches  G  near  the  boundary  vfhich,  together 
with  a  compact  subdomain  (;^   of  jC^  cover  J^ . 


7  

This  requirement  suffices  in  Browder's  proof,  mentioned  in 

the  introduction. 


rniV   fix    tPe- 


^l    V    J 


[;i:A,n.-.  ;:     ';:':■      . 


.1.1 


'.A  ^.  i,/; 


j*.f -'*  $c> 


.:'Ti''    .r 


''  '1.- 


■.IC^f^ 


r  •-•  !  1 


26 

(v)  Consider  anj'-  such  patch  Q   and  a  slightly  larger 
patch  CA,    containing  It  such  that  (^r,    is  bounded  away  from  that 
part  of  the  boundary  of  J^  which  does  not  belong  to  /;-''  .   By  a 
transformation  of  coordinates  in  O.   we  may  assume  that  the 
part   o7-.  of  the  boundary  of  uA.  x/aich  belongs  to  Xj   is  planar 
and  lies  on  x  =  0.   Denote  the  remainder  of  --^  by  Ci  ^.      Under 
the  conditions  in  (ill)  the  coefficients  a^'^  of  the  trans- 
formed equation  in  the  nev/  coordinates  will  continue  to  satisfy 

the  requirements  specified  there,  and  u  will  belong  to  Hn    n 
^  -  »  f-'  ^    2m+p-l 

in  any  subdomain  of  CX   which  is  bounded  av;ay  from  ;^^  . 

(vi)   vje  remark  finally  that,  in  virtue  of  Lemma  Ij.  of  §2, 
it  suffices  to  prove  that  the  derivatives  of  u  up  to  order  m+p 
are  in  H^; 

1    ^ 

(5.1)  D"^ucHq  ,  j  <  m+p  . 

This  t/e  now  proceed  to  show.   In  the  patch  '.^  with  part 
of  its  boundary  on  x  =  0  all  derivatives  of  u  up  to  order  m 
are . In  H^.   Let  us  rename  the  coordinates  and  denote 
(x,,...,x  -■)  by  X,  and  x  by  y.   I  claim  that  by  the  argviments 
used  in  proving  Lenimas  1-3  of  %\\   we  may  show  that  all 
tangential  (to  '^ -,  )  derivatives,  D^u,  for  1  <  m+p-1,  have 
finite  norm: 

Id^uI^  , 

X  m 

where  D.^  denotes  any  derivative  of  order  1  involving  only  the 
variables  x:   (x  ,...,x  _,),  In  other  words  that  all  deriva- 
tives of  the  form 

(5.2)  D^^D^'u  ,       1  <  m+p-1  ,     j  <  m  , 


are  in  Lp  in  C ,    i.e.  in  H  '.   To  verify  first  that  Id,,^!''   is 
finite- -that  is  the  analogue  of  Lemma  1  of  §[;--we  Introduce  a 
cut  off  function  ^  which  is  identically  one  in  (^    and  vanishes 
near   c^p'  ^^^  apply  a  difference  quotient  operation  in  a 
tangential  direction,  as  In  the  proof  of  Lemma  1,   Since,  in 
(^  ,  u  is  the  limit  under  the  norm  I  M   of  functions  vanishing 


:i-:J.      t  ': 


♦  ?  .,1 


R.t 


27 


near  d-y    the  same  is  true  for  the  difference  quotients  of  u 
In  tangential  directions.   Thus  folloi;lng  the  proof  of  Lemma  1, 
we 


find  Id  up  is  finite,  and  it  therefore  follows  also  that 


X  m  I  1 1^   ^ 

any  tangential  derivative  D  u  is  the  limit,  under  I  1^,  of 

fimctions  vanishing  near  ^■^.      To  show  that^  higher  order 

tangential  derivatives  have  finite  norm  I  I"  we  merely 

differentiate  the  equation  repeatedly  in  tangential  directions 

and  apply  the  result  just  obtained  to  the  differentiated 

equations-- just  as  in  the  proofs  of  Lemma  2  and  3  of  §!4..   In 

this  manner  we  find  that  all  derivatives  of  the  form  (5«2) 

belong  to  H"''. 

•In  case  m  =  1  we  are  essentially  through:   Consider  first 

p  =  1;  the  only  second  derivative  which  we  have  not  shown  to 

be  in  H^'  is  D~u.   But  from  the  equation  Lu  =  f  this  term  may 

be  e:cpressed  in  terras  of  f  and  the  other  derivatives  of  u;  It 

therefore  follows  that  it  is  also  in  H-.   In  case  p  =  2  we 

apply  this  same  argument  to  the  equation  differentiated  once 

in  a  tangential  direction,  D  Lu  =  D  f,  and  conclude,  from  the 

X      ^   1  i 
fact  that  the  derivatives  of  the  form  D,  D  u,  with  1  <  2,  j  <  1, 
C  o  /-•    -^  "~      '" 

are  in  H,.,  that  also  D,  D,  u  is  in  H^.   Applying  now  D   to  the 
0  y  X         (J  y 

equation  we  see  that  Iru  is  p-iven  in  terms  of  D  f  and  other 

y    "  y  /,'" 

derivatives  of  u  vrhich  i-;e  already  knov;  to  be  in  H^'.   Thus  also 

D  u,  and  hence  any  third  order  derivative  D  u,  is  in  H^j  and 
y  '0 

the  assertion  (5*1)  is  proved.  Repeating  this  arguinent  I'je  may 
establish  (5.1 )  for  any  p  >  0,  in  case  m  =  1. 

Suppose  now,  hovrever,  that  m  >  1,  and  consider  again  the 
case  p  =  1.  'Je  know  that  all  derivatives  of  the  form  (5*2) 

(5.2)'  D,^^D^u  ,  i  <  m  ,   j  <  m  , 

are  in  h'^.   This  includes  all  derivatives  of  order  m+1  except 
D^"*"  u.   For  m  >  1  the  equation  Lu  =  f  no  longer  enables  us  to 
express  this  derivative  in  terms  of  others  which  are  knovm  to 
be  in  H^.   Nevertheless  the  idea  involved  in  the  proof  for  the 
case  m  =  1  can  be  extended.   The  terms  in  Lu  vjhich  are  not 
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known,  at  this  point,  to  be  in  E'   are  all  those  involvinc 
derivatives  of  order  <  2m  v;hich  are  not  of  the  form  (5.2)', 
i.e.  the  terms  of  the  form 

(5.3)  (coeff.)-D'J''^D-^u   ,  0  <  m-l  . 

The  Sim  of  terms  of  this  form  can  therefore  be  written  in  the 
form 

d'^  (Some  linear  combination  of  D'^u  for  j  f_  m)  =   D  g 

y  •' 

Because  of  the  ellipticity  of  the  equation  v;e  observe  that  the 
coefficient,  a  ,  of  d!'!u  in  g  is  bounded  av/ay  from  zero. 

Thus  we  have  the  situation  that  the  function  g,  together 
with  its  derivative  (D^g)  belongs  to  H^.   Here  we  can  apply 
Lermia  6  of  §2,  and  we  conclude  that 

i^'k)  Dyg  C   H^''  for   i  <  m  . 

In  particular  D,_g  e  H^.   Differentiating  out  the  expression 

for  g  we  see  that  the  only  term  occurring  in  D.  g  x^Jhich  is  not 

/*       m+ 1  ^'^ 

already  laiown  to  be  in  11^  is  (a  D   u).   Since,  by  the  remark 

0    '  0  y    '  m+1 

above,  a   is  bounded  away  from  zero  it  follows  that  D   u  is 

In  H^,  and  (5.1)  is  proved  for  p  =  1. 

In  case  p  =  2  w©  knov;,  to  begin  with,  that  derivatives 
of  the  form  (5.2) . 

(5.2)"  D^^D'^'u  ,  i  <  m+1  ,   j  <  m 

belong  to  H„.  We  do  not  obtain  the  desired  result  by  simply 

2 
setting  i  =  2  in  (5.l4-)j  for,  D  g  contains  many  terms  not  as  yet 

knovm  to  be  in  Hq.   First,  applying  the  argument  just  given  for 

p  =  1  to  the  differentiated  eouation  D  Lu  =  D  f,  we  conclude 

that  derivatives  of  the  form  D^^"^  D  u  are  in  n't.     Returning  to 

D.  g  vje  now  find  that  the  only  term  not  as  yet  in  H^  is  a  d"^^"*"  u 

and  it  therefore . follows  that  also  D^   u,  hence  every 

derivative  D^^^'^u,  is  in  Hq. 

For  p  =  3  ,h>  • ' '  >P   <  ni,  we  successively  repeat  this 

argument,  first  differentiating,  the  equation  in  tangential 

directions  and  then  applying  (5.i+)  i^ov   1  =  p.   In  case  p  >  m 
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\ie   no  longer  apply  {S»h)'      Po^  P  -   ni+1,  for  instance,  we 

continue  to  differentiate  the  equation  In  tangential  directions 

and  show  that  all  derivatives  of  order  2m+l  except  D.^^"*"  u  are 

in  H^.   D    u  Is  seen  to  be  in  H^  by  consideration  of 
0    y  0 

D  Lu  =  D  f.   One  repeats  this  procedure  for  higher  p. 

This  completes  the  proof  of  (5.1). 

V;e  observe  that,  analogous  to  the  interior  estimate  {l\.,6) 
we  may  establish  the  inequality 

l"lLp  1  <=°"^*-  (l"'o*  l^lp-i'  • 

with  the  constant  depending  only  on  the  coefficients  and  on 
the  domain.   As  remarked  earlier  the  condition  on  f  is  too 
restrictive . 

Remark:  What  about  the  smoothness  up  to  the  boundary  of 
solutions  of  other  than  the  Dirichlet  problem?  It  is  clear 
that  the  argument  given  here  can  be  extended  to  a  wide  variety 
of  other  problems.   In  particular  consider  the  generalized 
problem  formulated  on  page  17 .   If,  after  transformation  to  a 
patch  with  partly  planar  boundary,  a  shift  along  the  boundary 
of  functions  in  the  Hllbert  space  H  and  multiplication  by  a 
suitable  cut  off  function  ^  does  not  take  the  functions  out  of 
H  the  proof  given  here  carries  over  in  its  present  form 
(provided  (ij-.2)  holds  for  functions  in  H).   This  will  certainly 

be  the  case  if  H  =  H  ,  i.e.  for  the  Neumann  problem  associated 

m'  ^ 

with  the  bilinear  form  3[v,u].   Thiis  we  have  the 

Theorem.   Let  u  e  II   be  a  solvit  ion  of  the  Neumann  problem 

(3.2)'  associated  ^^rith  the  bilinear  form  3[v,u].   If  f  belongs 

to  H   - ,  p  >  0,  then  u  belongs  to  H    .In  particular,  if 
—  P  - 1 ~ m+p ~ 

p  =  [n/2]  +2  then  u  is  2m  times  con t_inuously_  dif ferentiablein 
x5  a.nd  m+1  times  continuously  differentiable  in  ly  .      Further 7 
more ,  u  satisfies  the  boundary  conditions  appropriate  to  the 
problem . 


;c    ■: 
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6.   Stronf^ly  Elliptic  Systems 

Consider  a  system  of  differential  equations  Fith  complex 
coefficients 

(6.1)  C^    {x,D)vi.   =   ^^    ,  i  =  1,...,N  , 

(usinc  suTiimation  convention)  in  functions  U:  (u,  ,...,u^).   For 
f  -    (f-,,...,f  )  this  may  be  expressed  in  the  form 

(6.1)'  LU  =  f  ; 

I.  .(x.D)  is  a  differential  operator,  i.e.  a  polynomial  in 
ij 

D:  (D   ,...,D   ),  with  variable  coefficients.   Assiime  that  there 

are  non-negative  integers  s-,,...,s   such  that  the  order  of  Al^. 
is  not  greater  than  s^  +  s..   Denoting  by  Jc^Ax,D)    the  sum  of 
terms  in  /.  .  of  order  exactly  s.  +s.,  we  define  the 
characteristic  matrix,  involving  a  real  vector  ^:  (^-,,  •••»£)> 


as 


i^(>^,?)  . 


•J 

The.  system  is  called  elliptic  if  there  exist  appropriate 

s^ , . . . , s   such  that  at  every  poinb  in  the  domain 

1      il 


det  (  i!  .(x,5))  y!  0     when  ^  7^  0   • 


•J 

This  definition  is  a  special  case  of  a  more  general 
definition  of  ellipticity  given  in  [6]. 

Strong  Ellipticity;   The  system  (6.1)  is  called  strongly 
elliptic  if  there  exist  appropriate  s, ,...,s   such  that  the 
quadratic  form  associated  with  the  characteristic  matrix  is 
definite,  i.e.  if  at  every  point  in  Jj    and  for  a. real  vector 
^:  (-^-1  ,  . . .  ,?^)  and  a  complex  vector  v]  :  (  v) -]_,...,  vj^) » 

^^j.(x,5)>|^T'ij  ^   0  when  ?  7^  0  ,   v|  ^  0  . 

This  definition  of  strong  ellipticity  reduces  to  that  of  Vishik 
[26]  in  case  the  s.  are  equal.  \Je    shall  assvime  that  the  s.  are 
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positive;  otherwise  the  functions  u.  corresponding  to  those  1 
for  which  s.  =  0  may  be  e:cpressed  explicitly  in  terms  of  the 
other  functions,  see  Remark  1  in  si  of  [6]. 

Consider  a  system  (6,1)  with  X'  •   given  in  the  form 

"J 

(6.2)      i  .  =IZ  Y±   (-D^DPaP'.'V 
^J   p=0  -^=0         ^J 


where  summation  is  first  extended  over  all  derivatives  D^,  D^ 
of  orders  p  and  (f ;    assiome  that  the  system  is  uniformly 
strongly  elliptic,  i.e.  that  the  coefficients  a..',     are  uni- 
formly bounded,  and  that  for  some  positive  constant  c   the 


Inequality 

(6.3)     He  C  "a.^   ^^  ^.y^.  >  c^  ^I  iv^. 


.  ,  s  .  s  .  ,   ,p   2s. 


I  1 2    —  2 

holds,  where  \E^\      ~  ")__  ^^>    and  of  course  there  is  summation 

implied  on  the  left. 

The  Dirichlet  problem  corresponding  to  (o.l)  is:   find  a 
solution  U:  (u-,,...,u^  )  with  u.  and  its  derivatives  up  to 
order  s.-l  prescribed  on  the  boundary,  i.e. 

s.-l 

^i  '  an"  »  •  •  •  '  — sTTT"  '  i  -  1 ,  .  .  .  ,N 

an  ^ 

given  on  the  boundary,  where  ^ /an   denotes  differentiation  in 
the  normal  direction. 

Thus  as  far  as  the  Dirichlet  problem  is  concerned  the 
system  behaves  as  though  it  were  of  order  2s.  in  u.  --despite 
the  fact  that  higher  order  derivatives  of  u.  may  occur,  as  in 
the  example  in  the  introduction. 

Generalized  Dirichlet   problem;      The  Hilbert    space    formula- 
tion  of  the   problem  is   as    follows:      given  f-,,...,f      in  H^^  and 
functions   U^  ^^    [yA^\  . .  .  ,n\^h  ,    uith  ul^^    in  H      ,    find  a  weak 
solution  IT  of   (6.1)    i.e.   U   in  H^   satisfying  """ 

(6.1)'  (l'"1,ii)  =  (|,f) 


'  ;■    ''i 


''*   J  . 


r-?    :: 


32 

for  test  vectors  ^:  (<t'-i>««»>^  )>  and  such  that  (u.  -u'"'')  is  in 

II   ,  i  =  1 ,  .  .  . ,  H . 

o  • 

1 

The  existence  theory  of  §3  for  the  Dirichlet  problem 

extends  immediatel3'-  to  our  system.   In  particular  Gardlng's 

inequality  is  easily  extended. 

Garding's  Inequality.   There  exist  constants  c,  k 
depending  only  on  c  ,  the  bounds  on  the  coefficients  a?'/'  ,  and 

on  the  raodulus  of  continuity  of  the  leading  coefficients  a..  .   ^, 


such  that 


ij 


2    ,,  , I  I  |2 


{o,k)         Re  (^,l1)  >  c  r-  !({>  K  -  k  J—   li. 

_    c^  1  s^       -^  1  U 

for  every  ji :  ( ())^  ,  . . .  ,  (|),^ )  . 

The  proof  of  the  ineqviality  (6,L|.)  for  the  case  of  a  single 
equation,  as  given  for  instance  in  [11],  carries  over  immediately 
to  the  system,  lie    shall  describe  here  the  first  step  of  the 
proof  that  treats  an  operator  L  having  constant  coefficients 

aP'-  which,  except  for  the  highest  order  coefficients  a. .   "  , 
are  all  zero.   In  this  case,  assuming  (6.3),  we  have,  in  fact, 


(6.5)  Re  (^,Li)  >  Cq  T^  j  Id  ^(i).  I 


dx 


s  . 
where  on  the  right  we  first  sum   over  all  derivatives  D  ""■  of 

ord-er  s..   (6.5)  Is  proved  with  the  aid  of  the  Fourier  trans- 
form.  Introducing  the  Fourier  transform  of  any  4 


c|>  =  i  e^^^({)(x)dx 


ue    observe  that  D^(})  -  (-i)'^4'^<l'  and  that,  from  Parseval's 
formula. 
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S  .      S  .+  S,   S  .  S  .  ,  S,   S,  ^  ::: 


He  (Li,J)  =  (27t)-^  le  {   (-1)  ^(-i)  ^   ^C  ^a  J'  ^^  ^^.M^ 


s.,s,  s,   s  .-^  ,    s,  ^ 


=  (2^)-^  Re  j?  Ja.j'  k^  k(l  Jct).)-(1  Hk)d^ 


>  (27i)-"cq  j  2z:  iJj^ur'^d? 


J 


by  (6.3), 


s  .    2 
c ^  y    ID  J 6  . 1  dx 


0 


YZ  Id  J^. 


The  derivation  of  (o.Ij-)  for  equations  x>rith  variable 
coefficients  is  then  carried  out  in  the  manner  sketched  in  §3 
(see  [11]) . 

Concerning-  the  differentiability  of  solutions,  all 
considerations  of  slj.  and  §5  for  a  single  elliptic  equation 
extend  to  our  elliptic  system  satisfying 

(6.1,).  l(i,L5)l>  c  r;i  \^Al  -  kFI  I^J^ 

1  X        1 

for  appropriate  constants  c  >  0,  k,  and  all  test  functions 
^:  ((j)^  ,  .  . .  ,(J3  )  .   For  strongly  elliptic  systems  of  second  order 
(i.e.  s.  ~  1)  the  smoothness  of  solutions  up  to  the  boundary 
has  been  demonstrated  by  C.  B.  Morrey  [20]). 
Sumnarizing,  we  state  the 

Theorem.   (1)  Let  L  be  uniformly  strongly  elliptic  in  J3 

s^,s  . 
( satisfying  (6.3)),  v/ith  leading  coefficients  a.  .   ^  continuous 

in  :0  •   Then  for  some  constant  k  the  generalized  Dirichlet 
problem  for  the  equation  (L+kI)U  =  f,  I  the  identity  operator, 
admits  a  unique  soluti on,  xjhile  the  alternative  holds  for  the 
operator  LU  =  f.   (2)  Suppose  that  L  has  sufficiently 
differentiable  coefficients  and  that  f  has  sufficiently  many 
strong  derivatives.   If  L  satisfies  (6.L|.)'  then  every  weak 
solution  U  o£  (6.1)'  is  a  classical  solution  of  ( o . 1 ) .   If,  in 
addition,  U  is  a  solution  of  the  generalized  Dirichlet  problem, 
with  f  and  U^  '^'''  sufficiently  differentiable,  then  U  is  a 
solution  of  the  problem  in  the  classical  sense. 
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Appendix:   Proof  of  Lemma  6 

The  inequality  (2,5)  is  a  consequence  of  the  following 
fact: 

For  sufficiently  small  e  there  exists  a  constant  c(j) 
depending  only  on  j  and  Xy    such  that  for  all  u  in  H .  in  J^ 
of  class  Cp 

(1)  r  iD^ul^dx  <  e  [  lD-^"ul^dx+e"^/^J~^^c(j)  [  lul^dx  ,   i<  j  , 

where,  on  the  right  s\imnation  is  extended  over  all  derivatives 
of  order  j.   It  suffices  to  prove  (1)  for  functions  with 
continuous  derivatives  up  to  order  j.   Althou.;;;h  our  proof  of 

(1)  requires  sli^lhtly  more  regularity  of  the  domain  than  the 
proof  given  by  G.  Shrlin-  [7],  it  may  be  clearly  generalized 
to  yield  the  inequality  for  p  >  1:   for  sufficiently  small  e, 

(1)'   \  lo^uPdx  <  e  \   b^'uPdx  +c  j  luPdx   ,    for  i  <  j  , 

'j:y  i'         ^ff 

VThere  c  is  a  constant  depending  only  on  e ,  j,  p  and  JO  . 

Our  proof  of  (1)  is  based  on  an  analogous  estimate  for 
functions  of  one  variable  v/hich  is  essentially  equivalent  to 
inequality  259  in  Hardy,  Littlei;ood  and  polya  [13].   The  one 
dimensional  analogue  of  (1)'  vjas  proved  earlier  by  I.  Halpern 
and  H.  R.  Pitt  [12]  . 

Consider  first  a  function  u(x)  defined  in  a  (possibly 
infinite)  interval  f^  ,  For  e  <  k  (length  of  jj )  we  shall 
establish  the  inequality 

(2)  j  'iDul^dx  <  e  (  lD^ul^dx+~  ',  lul'^dx   . 

To  this  end  imagine  the  Interval  .!/  divided  into  a  number  of 
subintervals  such  that  the  length  of  each  is  bounded  by 

(3)  K^    ~   length'-  f.  ^  e  • 

Lot  a,  <  ^  5.  t)-,  be  such  a  sutainterval;  divide  it  into  three 
successive  intervals  of  lengths  a,  2c  and  a,  so  that  b,  -a,  =  ka. 
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If  X,  and  Xp   are  points  in  the  first  and  third  intervals  we 
have  by  the  theorem  of  the  mean, 

U(X2)  -  u(x-,_) 

Du  (at  some  point)  = 

x^  -x-L 

so  that  , 

b 


1ti(x2)  I  +  lu(x-^)  I  r^ 

1 


Idu(x)I  <  '^- — 5 —  +  \    Id  uldx  . 


2a 


+  j  Id  ul 

a. 


Now  interrating  with  respect  to  7C,  and  x,  separately  over  the 
first  and  third  intervals  we  find 

c~iDul    <  ^     \     luldx+a^        JD^uidx 

"      a  4 

^1  "^1 

2 

and,    dividinr  by   a     and   squaring 


\    j     luidxj    +2|   \     JD^Idxl 


IDuI^     <     —-r- 

^^       ■    a  '  ^   a 

^1  ^1 


<  ^\   luJ^dx+Sal    JD^ul^dx 

by  Schwarz'  inequality.   Integrating  finally  with  respect  to  x 
we  obtain  the  inequality 
bn 


[  iDul-dx  <  ^riui2d.x  +  32a^'^  f  iD^ul^dx 


"              7        ' 
=  2(b,  -a,  )2  (  |D2ul^dx+=-^-— y    1  iul^dx 

:^i  o  ?i 

<  e  I  Id~uI  dx  +  ^  \  lu!"dx    by  (3)  . 
^1  '  ^^1 

Summation  over  all  the  subintervals  yields  the  desired  result 
(2). 


)jni    ;;:'/-■!."<    i;'  .    j-'T.-^    ".:;;•    :"r 


I  ;    r  .■'. 


V> 


,•■:;■>  "U'! 


r     -  ^ 


D'l 


•i 


I .  .■  ' 


.«      '  C         i  ' .  \:~- 


3/ 
o 

Consider  now  functions  u(x-,,...,x  )  in  the  domain  Aj  < 
Since  (U    is  of  class  Cp  one  easily  sees  that  ^   maj-  be 
covered  by  a  compact  subdomain  Ie)    and  patches  such  that  the 
closure  of  each  patch  may  be  mapped  in  a  one-to-one  way  onto 
a  cube  by  a  mapping  which,  together  x^ith  its  inverse,  is  tvrice 
continuously  dlfferentiable.   In  each  such  cube  vje  may  apply 
inequality  (2)  on  line  segments  parallel  to  the  edges. 
Integrating  with  respect  to  the  orthogonal  directions  we  obtain 
the  inequality 


j^bul^dx  <  e  riD^ul^dx+2'^e'^]"  lui^dx 


for  sufficiently  small  e.  Here  surimation  over  all  first  and 
second  derivatives  is  implied.  An  analogous  inequality  there- 
fore holds  in  the  patch,  and  also  in  Q>  ,    since  also  (j3  may 
be  covered  by  a  finite  number  of  cubes.   Siunming  over  these 
cubes  and  patches,  ve   find  for  e  sufficiently  small,  and  some 
constant  c  >  1  depending  only  on  ^ ,    that 

(2).  Jbul^dx  <   eflD^ul^  +  l-  j  lul^dx      . 

^  i)  ^ 

To  derive  the  general  restilt  (1)  \^e   use  induction  on  j. 
For  j  =  1  the  ineqxiality  obviously  holds.   Suppose  it  is  true 
for  j  <  k  and  we  wish  to  verify  it  for  J  =  k+1.   consider  first 
i  =  k.  •  Applying  (2)'  to  the  function  D"  "u,  v/ith  e  replaced 
by  e/2,  v/e  find 

jlD^ul^dx  <  I  J  lD"-^lu|2^2ce-^  j  b^'^ul^dx   . 

By  induction  hypothesis,  however,  for  any  small  6  >  0 

jlD^-^ul^dx  <  0jlD^^ul2dx+5-(^-^)c(k)J|ul2dx   . 

Choosing  5  =  e([|.c)"'  and  inserting  into  the  above  inequality 
we  find 

Jb^ul^dx  <  e  [iD^^-'^ul^dxf  e-^c.(k)  j  lul^dx 


-V     |p-»         I 
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which  has  the  desired  form.   For  i  <  k  l^re  have 

jlD^ul^dx  <  5|lD"ui^d.c+5-V(l^-i)c(k)Jlul2dx   , 
by  induction, 

<  5^  ^  b-^^ul^d.^  -f  Six-^^C  (k)  j  lul^dx-.  5-^/^^^-^^(k)  \   lul^dx 

by  the  result  Just  obtained.   Setting  5  =  e^'^  '^^  , 

p,  =   el/('^+l"^)  yields  the  inequality  (1)  for  e  sufficiently 
snail. 
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